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Abstract 

We consider scattering of electromagnetic plane waves on a D3-brane spike which 
emanates normal to D3-barne in the extra space direction. We are interested in studying 
physical effects on D3-brane which are produced by a spike attached to D3-brane. We have 
observed that the spike sucks almost all electromagnetic radiation and therefore acts like 
a black hole. This is because absorption cross section for j=l tends to a constant at low 
energy limit. This behaviour is appealing for a string interpretation of the spike soliton 
because the propagation of j = 1 mode is indeed distinctive. Instead, the scattered part 
of the radiation on a D3-brane tends to zero demonstrating non-Thompson behaviour. 
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Introduction. The Dp-brane is a dynamical extended object which can fluctuate in 
shape and position and these fluctuations are described by open string massless modes 
1^, ^. For a single Dp-brane they are massless vector and spinor states of ten-dimensional 
N = 1 supersymmetric U{1) gauge theory. The massless field A^{x'^), fi,^ = 0,...,p 
propagates as gauge bosons on the p-brane worldvolume, while the other components 
of the vector potential Ap+i{x'^), ...jAglx"^) describe the transverse deviations of the Dp- 
brane Xp+i = 0p_|_i, Xg = (pg.. The low energy effective action for these fields is the 
Dirac-Born-Infeld action p, 

Callan and Maldacena 0, 0, § showed that the Dirac-Born-Infeld action supports soli- 
tonic configurations describing F(fundamental)-strings and D(Dirichlet)-strings growing 
out of the original D3-brane. These configurations have nonzero world-volume gauge field 
and transverse scalar field excited. The gauge field describes a point electric or magnetic 
charge arising from the end-point of the attached string and the scalar field represents 
a deformation of the D3-brane in the form of infinite spike (see Figure 1). These spike 
configurations are protruding from D3-brane universe into extra space directions and it 
is interesting to study physical effects which they produce on D3-brane. In particular it 
is interesting to consider electromagnetic scattering on D3-brane spike. 

The spike soliton, F-string, which satisfies 1/2-BPS conditions of the D = A N = 4 
supersymmetric electrodynamics is 0, 

E = —Cr , dXg = —Cr , Xg = , (1) 

where 2e^ = is a unit charge. Here the scalar field represents a geometrical spike, 
and the electric field insures that the string carries uniform NS charge along it. It was 
demonstrated in p that the infinite electrostatic energy of the point charge can be rein- 
terpreted as being due to the infinite length of the attached string. The energy per unit 
length comes from the electric field and corresponds exactly to the fundamental string 
tension. If one replace by Ne^ in the above solution, then it will describe N superposed 
strings ending on a single D3-brane. Strict validity of the Born-Infeld action requires that 
derivatives of the field strengths, measured in units of a , should be small, that is when 
Ne^ ^1. In addition to ignore gravitational effects one should also require e^N <^ 1, 
that is > l/AT > H. 



As it was shown in |T0|, |Tl], |T2[ small fluctuations which are normal to both the 
string and the brane are mostly reflected back with a phase shift vr thus realizing 
dynamically Polchinski's open string Dirichlet boundary condition. In O, III, IIR it 



was also demonstrated that P-wave excitations (j=l) which are coming down the string 
with a polarization along a direction parallel to the brane are almost completely reflected 
just as in the case of all-normal excitations, but now the end of the string moves freely 
on the 3-brane. This corresponds to the reflection of the geometrical fluctuation with a 
phase shift — >■ 0, thus realizing dynamically Polchinski's open string Neumann boundary 
condition. The results obtained seems to have a larger regime of validity and can partly 
be understood in light of the fact that BPS spike is a solution to the full equations of 
motion following from string theory 

In |13[ it was also observed the electromagnetic dipole radiation which escapes to 
infinity from the place where the string is attached to the D3-brane. It was shown that 
in the low energy limit Ru —>■ (i?^ = e^(27ra )), i.e. for wavelengths much larger than 
the string scale a small fraction ~ a;^ of the energy escapes to infinity in the form of 
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spike to the extra-dimension 




D3-brane world 



Figure 1: This configuration describes D3-brane spike growing out of tlie original D3- 
brane and can be interpreted as a string attaclied to a D3-brane. We consider scattering of 
electromagnetic plane waves on a D3-brane spike which emanate normal to D3-barne in the 
extra space direction. We have observed that the spike sucks almost all electromagnetic 
radiation, because absorption cross section tends to a constant at low energy limit, instead, 
the scattered part of radiation on a D3-brane tends to zero demonstrating non-Thompson 
behaviour, universal for the charged objects in electrodynamics. 



electromagnetic dipole radiation (j=l). The physical interpretation was that a string 
attached to the D3-brane manifests itself as an electric charge, and waves on the string 
cause the end point of the string to freely oscillate and produce electromagnetic dipole 
radiation in the asymptotic outer region of the D3-brane. Thus dynamics of the spike, as 
probed through small fluctuations, agree with existing string behaviour. 

The propagation of higher angular momentum modes has been analyzed in where 
authors came to the conclusion that they also propagate along the spike, which means that 
not only dipole radiation with j = 1 but also higher modes travel along the spike and hence 
demonstrate that the spike remains effectively 3 + 1 dimensional. This fact causes problem 
with a string interpretation of the spike soliton because only j = 1 mode should propagate 
on a fundamental string. A proposal to solve this puzzle was suggested in |jl8|, |19| where 
authors consider noncommutative solution describing N coincident D-strings attached to 
a D3-brane in nonabelian world-volume theory. This solution accurately describes the 
physics at the core of the spike, very far from the D3-brane, and coincides with the above 
spike soliton in abelian world- volume theory in the large N limit. The analysis shows that 
on noncommutative spike the mode spectrum is truncated at Imax = N — 1 [0, p!9|] . 

In this article we are interested in studying physical effects which are produced on D3- 
brane by a spike which emanates normal to D3-brane world in the extra space direction. 
Our aim is to consider scattering of electromagnetic plane waves on D3-brane spike using 
Dirac-Born-Infeld theory. Here one should take cake about the applicability of the results 
obtained in this effective theory and as we have seen much what this theory tell us is 
correct and we will take an uncritical attitude towards the validity of this approximation, 
to see how far we can get. Specifically we are interested in studying reflected radiation 
produced by a spike attached to our D3-brane world. We have observed that the spike 
sucks almost all electromagnetic radiation and therefore acts like a black hole[|. This 

^The entire process in ten-dimensional U{1) gauge theory is clearly unitary, but for the observer on 
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is because absorption cross section for j = 1 tends to a constant at low energy limit 
{Ruj 0) 

af' ^ Const, af' ~ {Ruf^-^ ^0, j = 2, 3, ... 

This behaviour is appealing for a string interpretation of the spike soliton because it 
is a constant for j = 1 and tends to zero for higher j > 1, therefore the propagation of 
j = 1 mode is indeed distinctive [|. Instead, the scattered part of radiation on a D3-brane 
tends to zero for all j = 1, 2, .. 

^scat _ ^2^^^)2 ^ ^scat _ R^{^Rujfi-^ ^ Q, J = 2, 3, .. 

demonstrating non-Thompson behaviour of the cross section cr^'^'^*, universal for point 
like charged objects in electrodynamics. We formulate the comparison with the standard 
Thompson cross section in terms of the dynamical mass of the spike 



R^{Rujf 



This dynamical mass just describes the response of an extended object to a perturbation 
of a wave length A = ^. It is finite for nonzero Ruj, demonstrating that dynamical mass 
involved in the process is finite and is of order of the wave length 1/uj. In the limit — 
it tends to infinity demonstrating that static mass of the spike is infinite. Indeed our 
spike solution is infinitely long and has infinite mass by virtue having a constant energy 
per unit length. The small electromagnetic fluctuations on the static solution propagate 



with the finite velocity of light p, 13 1, therefore dynamical mass involved in the process 



is finite and depends on the wave length of the perturbation. ^ 

The Lagrangian and the equations. The nonlinear Dirac-Born-Infeld Lagrangian 
which contains both electric and magnetic fields, plus the scalar xg = is [13, 15| 

L = - J d^xVOei where Det = 1 + B"^ - - {E ■ Bf - (9o0)^(l + 5^) + 

+0(t)? + {B ■ d(l)f - -{E X 90)2 + 2do(j){B[d(j) x E]). (2) 
and can also be written in a covariant form 

Det = l + \f,,F^'' - d,(l)dy - ile'^-'^PF^^Fxpy + (^£^^""^,^9^0)2. 

Z o Z 

The full set of field equations can be obtained by variation 



the submanifold, on D3-brane, it is obviously not! 

•^The apparent difference between this resuh and [0 is that computing cross sections we have divided 
the scattered flux of radiation by the incident flux of electromagnetic field, which is proportional to uj'^ . 

*The similar effect can be observed with the infinitely long strip of metal on one end of which acts 
mechanical perturbation. The crucial point is that the perturbation propagates with the finite velocity 
on an extended object). 
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where F'''' = e^^V_pV_ 

We have to consider now small fluctuations around the background fleld conflguration 
of spike sohton (|I|) : 

E = Eo + 5E, B = 5B, ^ = (j)o + v ■ 

Then keeping only terms in the Det which are linear and quadratic in the fluctuation 
one can get the resulting quadratic Lagrangian : 2Lq = 6E'^{1 + (90)^) — 613"^ + {doi])^ — 

[dr]) {\ — Eq ) + Eq {drj ■ 6E) . Let us introduce the gauge potential for the fluctuation 
part of the e.m. field as {Aq, A) and substitute the values of the background fields from 

m 

2L, = {doA-dAo)\l + ^) - (V X Af (5) 



where we restore the dimensions of the fields and = e^(27rQ;'). The equations that 
follow from this Lagrangian contain dynamical equations for the vector potential and for 
the scalar field, and a separate equation which represents a constraint. These equations 
in the Lorenz gauge d A = OqAq are 

- d',A{l + ^) + AA + ^ddo{Ao + v)=0 (6) 

- d^.Ao + AAo + d^diAo + v) - d^doA = (7) 

- d^,r] +A7] - d^diAo + v) + d^doA = (8) 

Equation (|^) is a constraint: the time derivative of the Ihs is zero, as can be shown using 
the equation of motion (^. One can choose Aq = —t] which is compatible with the field 
equations because the second and the third equations imply that Aq + r] obeys the free 
wave equation. With this condition the equations and (||) become the same, and the 
first equation is also simplified [0: 



AA- (1 + ^)1=0, - ri + d{^A) = 0, (9) 

where A denotes time derivative. This should be understood to imply that once we obtain 
a solution, Aq is determined from t], but in addition we are now obliged to respect the 
gauge condition which goes over to dA = —rj. 

In the next section we shall consider the scattering of plane waves on a spike soliton 
(HD. It is always possible to choose the plane wave to be a 1/2-BPS configuration. For 
that one should take the plane wave solution of the equations in the form: 

= e^0oe*'", = -0oe*'", (10) 

— * — * 

where e± = {uj,e± + k), e±* k = 0, and in addition we have d^A^ = 0, Aq + (f) = 0. 

Electromagnetic scattering on a spike soliton. Below we shall consider stationary 
scattering with definite energy (frequency u), therefore from (|^) we have 

AA + cu^ (1 + ^) A = 0, Ar] + co^r] - V(!^l) = , (11) 
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where VA = iuorj. Let us consider following expansion for the vector potential : A = 
e J2i ^zo(^) Ch where e is the constant polarization vector and (i are the partial waves. 
From (R|) one can get equation which they should satisfy 



d% + \Ci + [^^(1 + ^) - = 0. (12) 



With the substitution similar to the one used in |21| r = Re ^, = ^ ^^'^Ci it can be 
transformed into the form 

[dl + 2{Rijfch2z -{1 + l/2)% = 0. (13) 
This is the well known Mathieu's equation. The known mathematics of Mathieu's equation 



2^ allows to calculate a systematic expansion of solution in all orders in {Ruj/2). The 



formulas needed for our purposes are summarized in [^. There are two asymptotic 



regions in our case: the first one z ^ ln{Ruj) (I) where we have 

[9,2 + {Rvfe'^ - (/ + 1/2)% = (14) 

and the second one z <^ —Ini^Roj) (II) where 

[dl + {Rufe-'-^ - (/ + l/2)% = 0. (15) 

The solutions in these two regions are known functions 

U = Hll{/^{Ru;e'), = ^oo 7^+1/2 (i?^e-^) + Ni+y^iR^e-'). (16) 

The two regions overlap in the interval ln{Ruj) <ti z <^ —ln{Ruj) if Ruj <^1. In this 
interval we can use the following expansion of the functions: 



r(/ + 3/2)' ' r(-/ + i/2) 



and thus to impose matching condition 



•2^ r(/ + 3/2)^ ^ ^2^ r(-/ + l/2)~ ^ ' 



2 ' r(/ + 3/2) ' ' 2 ' r(-/ + l/2)' 
From this one can find coefficients A^x, and 

A -,Y iv+ir-^^r^^-i r(/ + 3/2) _ i?^ ,^, r(-/ + i/2) 

^--^^"^^ ) r(-/ + i/2)' ^--(-1) (— ) r(/ + 3/2) • ^^^^ 

Using the asymptotic expansion for Hl^\^), Ju{C) ^"^^ ^y{C) when ^ ^ oo and the 
formulas ([l3|) we can recover the asymptotic behaviour of the solution at the origin where 
the spike is attached to the D3-brane 
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and at infinity from tlie origin 



oo Ci^ e*"^'+'^/' (^oo + ^i?oo) [e"'"'- + Rie'n- (20) 



The first asymptotic ([T9|) describes absorption waves wliich penetrate tlirough the poten- 
tial barrier and propagate along the spike, the second one (^) describes the scattered 
radiation. Thus the transmission and reflection amplitudes are equal to: 

T = = -Re rH + 1/2) 

' fe+-('+i)/2(Aoo + ^5oo) r(/ + 3/2) ' ^ ' 

e-Mm)/2(^^_^^^) Ru; rH + 1/2) 

^'-e+-(W)/2(^^ + ,5^) - (-1) [l-2(^) ( r(/ + 3/2) ^^^^ 
For the lower partial waves they are: 

To = -2iuj, Rq = -1 + 2{Rujf. (23) 

and for the higher partial waves they behave as: T; ~ uj{RujY\ i?; — (— 1)^+^ ~ [RuY^^"^. 

Cross Sections. The asymptotic behaviour of the wave function can be represented in 
the form: 

l^e (e- + ^e- + .We->)^ (24) 



.=0 2zM- 



2zA; — lr+ r r 



where f{9) = J2'^o y4:TT{2l + 1) Yiq{9) fi and comparing this with the asymptotic solution 
([ID, (^ and (^, we can find that Ri = (-1)'+^! + 2iujfi) and Ti = {-iy+^2iujgi 
and therefore: 

_ ^ 4/+2. r(-/ + i/2) _ , 1 i?.. 2m r(-/ + i/2) 
^'"^^2^ ^r(/ + 3/2)^' ^'"^^^i?e^2^ r(/ + 3/2) • 

In particular for low I they are equal to /o = iR{Ruj), fi = ^R{Ru;Y, go = 1, gi = 
liRuf. 

If dl is the energy radiated by the system into spherical angle dQ and incident elec- 
tromagnetic plane wave has Pointing vector S then the cross section is equal to da = 
The Pointing vector S for the incident plane wave e e*'^^ is equal to Sm = -^Bf^ = 
^ Cz- For the scattered radiation e XMg*'"" and absorption e g{9)e^^^^/'^ waves it is 
Sscat = n^B^^^^, Sabs = -n^B^f^^, n = |. Thus we have to find Bscat and Babs, 
Bscat = V X A = i[k X e\ l^e'^'', Babs = -i[k x e\ g{9) -^e^'^^'/^ and then the 
Sscat = \nx 1^^^, and Sabs = - |n x e^^ \g[0)\'^^. The radiated energy into 
the spherical angle dQ thus will be 

discat = ^ 1^ X e|2 |/(0)|2 rf^^ dj^^^ = ^ 1^ X eT Igm'K (26) 
47r 47r 
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Finally for the cross sections we have expressions: 



^ = In X ef \m\^ ^ = R'\n^ ef m\\ (27) 

In the last formula for the absorption cross section we used the symmetry of the system 
(r — > R^/r) mentioned in 0, |l^ and replaced the spherical angle dfl{R'^/r'^) into dfl 
simply because dr — > —{R/r)^dr 

We can also find the corresponding cross sections for the scalar field (p using the fact 
that iuj(f) = VA. Thus we have: 

^ = |rl.ef imr, ^ = R' l^-eT W)]'- (28) 

The total cross section of electromagnetic and scalar fields is the sum a + a'^. As it is easy 
to see the total absorption and scattering cross sections do not depend on polarization 
vector |jl3| because |nxe|^ + |n-e|^ = 1. To evaluate the integral we have to calculate the 
vector product |n x e|^ = cos^Ocos^ip + sin'^ip, therefore for the total cross section we get 

(T=^J{l + cos^e)\f{e)\^dQ (29) 

Using the formulas cos'^6 = ^^io expanding the product YiQ*Yim over l^+im 

and yj-im one can evaluate completely the integration in (^7[) and get expression for the 
cross section 

^.'''-^^t ^f'.Z;,% + + + (30) 

Using the expression for the amplitudes fi we can find the lowest term in the scattering 
cross section 

<" = f l/oP = fi?^(/?^)^. (31) 

We have to compare this cross section with the Thompson cross section and for that 
reason we shall rewrite our result in the Thompson from: 



87r 



where M^yn is the frequency dependent dynamical mass of the extended charged object. 
The behaviour of these cross section (|3TD as a function of u is essentially different and 
comes as a big surprise, because the cross section instead of approaching a constant tends 
to zero! The only way to explain this result is to analyze the dynamical mass of the 
extended spike 



e4 

= R^iRvr ^^^^ 

We observe that it is finite for nonzero Rw, demonstrating that dynamical mass involved 
in the process is finite and is of order of the wave length 1/uj. In the low energy limit 
it tends to infinity demonstrating that "static" mass of the spike is infinite. Indeed the 
spike soliton is infinitely long and has infinite mass by virtue having a constant energy 
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per unit length. The small electromagnetic fluctuations on this static solution propagate 
with the finite velocity of light j^, |13|, therefore dynamical mass involved in the process 



is finite and depends on the wave length of the perturbation. 

In the same way one can find that the absorption cross section 



abs 



Sir 



Sir 



(33) 



and contrary to the scattering one (plf) tends to a constant! Thus we see that the spike 
soliton sucks almost all electromagnetic radiation and therefore acts like a black hole. This 
result corresponds to the dipole radiation when we consider electromagnetic perturbation 
propagating on the spike in the form of P-wave (j = l) which is coming down the spike 



with a polarization along a direction parallel to the brane |13 



We can also compute the corresponding cross sections for the scalar field, the only 
difference is in the coefficient: instead of 87r/3 it is 47r/3 and the total cross section a + a"^ 
comes with coefficient An. 

Partial electromagnetic waves. In previous section we used partial wave expansion, 
but it does not correspond to the physical expansion over total angular momentum of 
the electromagnetic field. To do so and to distinguish corresponding partial waves with 
definite parity we have to expand the vector potential over the vector spherical harmonics: 
yei = 1 V7 y p = f-iV- y™"^ = X F^M P = f-lV'+^- F'""- = nY- P = 

(— l)"*, where j = 1, 2, 3, ... and the corresponding parity is shown. For any given angular 
momentum j there is one even and one odd parity state. The fields carrying angular 
momentum j and the parity (—I)-' are electric multipoles Ej and the parity (—1)-'"*"^ 
magnetic multipoles Mj. 

Using this basic functions we can rederive the expansion (|2 



are 



in the form 



A. 



cat 



-2 S 

^ i=l,A=0±l 



4vr(2/ + 1) (e * e/) {/; 



el v?eZ I rmag -T^mag . rlon -C^lon 



where eo = e^, e±i = e^^ey (e ■ cq = 0) and 



pikr 
} — 

r 



(34) 



f. 



el _ 
A ~ 

mag 



flon 
JjX 



\ J7.7 + 1+(J + 1)/.7 

2j+l 



A 
A 



±1 
±1 



2j+l 



A = ±1 



fel 
JjX 
fm 
JjX 



J 3 



Ion 
X 



2j+i y J3+^ 

0, 

_ (i+l)/.7+l+j7.7-l 

2j+l 



+ f3^ 



A 
A 



0; 
0; 



A = 0. 



(35) 



In the last formula the amplitudes fj{, fjl""^ (A 



±1) describe physical transverse degrees 

of freedom of electromagnetic field and using the fact that iLO(j) = ^A we can identify the 
amplitude /'°" as describing scattering of the scalar field. 

The partial cross sections can be represented now in the form: 



scat 



27r(2j + l)|/f)r, 



(36) 



where index 6 = el, mag describes electric or magnetic multipoles. For the electric dipole. 



quadruple and higher multipoles the amplitudes are: /f 



J+L 

2j+lJ3 



2/0 +/2 
3 ' 



3/1+2/3 



fj-i and the corresponding scattering cross sections are: 



(^1 



el\2 



^el 
^2 



7r (j + l)^ r(-j + 3/2) , 
2(2j + l)^ r(j + l/2) ' 



\8j-6 



(37) 
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For the magnetic dipole and quadruple radiation we have 



ar = Hfi\\ = io^i/2r, = ^^^^^^ n/+V/2^ '^'^^^/^^''^'- 

\ ^ (38) 

Similar formulas are valid for the absorption amplitude e g{d)e^^^^^^ , therefore for electric 
multipoles we have: 

-2(2jTT)^ r(j + l/2) )^(^^/2) (39) 

and one can also get less dominant magnetic multipoles. 

The general asymptotic behaviour of the partial scattering cross sections have the 
form: 

^scat _ R^{^Bujfj-\ j = 1^ 2, 3, .. (40) 

This behaviour essentially differs from the one in electrodynamics being uj'^^~'^. The ab- 
sorption cross section is: 

a1^' ^ Const, af' ^ R^{RuoY^-\ j=2,3,... (41) 

this behaviour is appealing for the string interpretation of the spike soliton because it is a 
constant for j = 1 and tends to zero for higher j > 1, therefore the propagation of j = 1 
mode is indeed distinctive. 

We are grateful to H.Nielsen and P.Olesen for stimulating discussions. One of the 
authors (G.S.) is indebted to the Leipzig University for kind hospitality. This work was 
supported in part by the EEC Grant no. HPMF-CT-1999-00162. 

Appendix. In previous sections the scattering and absorption amplitudes have been 
calculated by solving equation ([T3| ) in lowest order in A = \Ruj by standard continuity 
argument. The known mathematics of Mathieu's equation |^ allows to calculate sys- 



tematic expansion in all orders in A. The formulae needed for our purpose have been 
summarized in |^ (see also |24|). The transition (T/) and reflection (i?;) partial ampli- 



tudes are (instead of equations (|21|), (p^)) 

y ^ _2- -1 I[l + (1 + A^^7i.)-^](1 + A^^x.)-^ 

' [1 + xo '(1 + Er ^''xk)-\i + Er A^'^Tij-^] ' 

(42) 

^ ^ . ... [1 - Xo ^(1 + Er A^^x.)-^](1 + Er A^^TI.)-^ .... 

We have evaluated the first correction 0{X^) only: = A"*^^^"*"^^ r^{^-e) ' ''^o ~ 
W + l) = ^ (^"^)' ^1 = [^(^+|)+^(|-^)-21nA]-^- The 
first order correction changes the leading small Rw behaviour of the scattering amplitude 
Ri = 1- 8X^6i^o + A^(27r^/ii(£) + 32 6^^) + 0(A^A^^+2). This implies that all partial 
scattering cross sections for j > I behave like 
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with a coefficient decreasing at large j like j ^. This is an essential change compared to 
the one anticipated from the zero approximation, crj™** ~ R'^[Rhj)^^^^. 

The corrections to the transition amplitude are less significant Ti = 2A^^"'"^ p||_^ j| (1 — 
4X^6i,o-^^ ( 27^i/il(£)+Xl(^)) + C(A^A4^+2)_ leading behaviour for Ruj is really 
the one expected from zero approximation. 
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